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-. I. INTRODUCTION 
It has been recognized that an increase in the rate of heat 
transfer to or from a solid body can be accomplished by extended sur-
1 
faces called fins. There are a variety of fins such as rectilinear or 
pa�abolic fins protruding from a flat wall, or thin circular or rec­
tarigular fins on a tube. In all cases the heat transfer designers are 
interested in the optimum heat loss or gain. Considerable experimental 
work has been done in order to establish the empirical values of con­
vective heat transfer coefficient to predict the amount of heat trans­
fer from a particular fin configuration. The limitation of the 
experimental approach is that the result for each particular fin can 
not be applied widely to others. 
An alternative way to meet the problem is by means of analytical 
theory. This constitutes treating the_problem as a boundary value 
problem for which a governing differential equation is derived and ap-
propriate boundary conditions are specified. The advantage of this 
approach is that the result can often be widely applied just by speci­
fication of certain geometric and physical parameters. 
The purpose of this thesis is to find analytically the temper­
ature distribution and heat loss ·of a circular fin of constant thick­
ness on a tube and the temperature distribution and heat loss of a 
square fin of constant thickness on a tube. Some related investiga­
tions should be mentioned here. Eno (l)* found an approximate 
* Bracketed numbers refer to the References. 
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solution for temperature distribution and neat loss from a rectilinear 
fin for combined convection. and radiation. His analysis was based on 
a linearization of the second order differeniial equation which will 
be used in this thesis. The approximate solution proved to be rather 
good for most cases. Keller (2) considered the convection heat trans� 
fer for both axial and.radial conduction in a circular fin on a tube 
and found the exact solution for temperature distribution -and heat loss 
as a function of r and z. Murray ( 3] dealt with a circular fin of_ 
constant thickness with a root ·temperature expressed as a function of 
angular distance from a reference plane and found an exact solution 
for temperature distribution and heat loss as a function of r and _tp • .  
Schneider { 4) gave some consideration to a 30° symmetry nuclear reactor 
cell whose bounds were necessarily specified in both cartesian and 
polar coordinates. Uniform heat generation existed in the cell and 
Schneider found an approximate solution for the temperature distribu­
tion and heat loss by representing the whole bou�dary conditi�n by 
only two points on one of the bounds in order to handle the mixed 
·coordinates. Fend (5) found that the error for Schneider's problem 
would be only about three hundredths of one percent. 
The analysis will be considered in two separate sections: 
first, the circular fin and second, the square fin. Individual dis­
cussions of the results of each an�lysis will be given at the end of­
each related section. A brief conclusion and recommendation follows. 
NOMENCLATURE 
A= Heat transfer area. 
An , An= Arbitrary constants. 
B = Convection parameter given by Eq (11). 
b = One-half side dimension of square fin. 
Bn, B0 = Arbitrary constants. 
C = Radiation parameter given by Eq (12). 
Cn, Cn = Arbitrary constants. 
D = Characteristic fin di�ension used in Eq (8). 
Dn = Arbitrary constant. 
fi = Function off given by Eq (92). 
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,<♦)=Dimensionless root temperature of circular fin specified in 
Eq (14). 
g = Gravitational acceleration. 
G = Coefficient in empirical film coefficient correlations. 
Gr= Grashof number given in Eq (10). 
h = Film coefficient. 
h = Uniform film coefficient. 
In= Modified Bessel function of the first kind. 
i = Positive integer. 
ka = Conductivity 6f convective medium. 
kf = Fin conductivity. 
kn= Arbitrary constant. 
Kn= Modified Bessel function of the second kind. 
m = Exponent in empirical film coefficient correlations in 
Eqs (9) and (10). 
M = Parameter given by Eq (22). 
n = Exponent characteristic of forced or free convection used 
in Eq (8); eigenvalues in Eq (35) and (71). 
Nu= Nusselt number used in Eq (8). 
p = Parameter given by Eqs (21) and (55). 
p = Parameter given by Eq (82). 
Pr= Prandtl number of convective medium. 
q = Total fin heat loss. 
q = Dimensionless fin heat loss parameter defined by Eq� (45) 
and (94). 
qc = Heat transferred by convection. 
qk = Heat transferred by conduction. 
qR = Heat transferred by radiation. 
r = Variable radial distance. 
r· 1 = Inner radius of circular or square -
r/ri. r = 
ro = Outer radius of circular fin. 
T = Variable temperature in the fin. 
Ta= Convective medium temperature. 
TR= Radiant receiver temperature. 
Ts= Fixed fin root temperature. 
fin. 
4 
V = Characteristic velocity of medium in forced convection used 
in Eq (9). 
X = Variable distance in X direction. 
= x/ri. X 
x· 1 = General coordinate. 
y = Variable distance in y direction. 
z = Variable distance in z direction. 
f> = Expansion coefficient of convective medium •. 
6 = Thickness of the fin. 
A= Determinant given by Eq (91). 
6 = Fin emissivity� 
1 = Function of</) and n defined by Eq (84). 
8 = T/T5• 
84 = Ta/T5 • 
8e = TR/Ts.-
8 = (l_;,0) in Eq (17); or (8- 00 ) in Eq (60). 
a' = ( 8 -t M ) in E q ( 23 ) • 
V = Kinematic viscosity of convective medium. 
j = Function of 4> and n defined by Eq (85). 
� = Arbitrary constant used 'in Eq ( 47 ). 
�=Boltzmann's radiation constant. 
4> = Angular direction in polar coordinate system 41 
"\f = Function of r and n defined by Eq ( 44). 
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·II·. ANALYSIS OF HEAT TRANSFER FROM CIRC�LAR FlNS 
OF CONSTANT THICKNESS 
A. Statement of the Problem 
The object is to find the equations expressing the temperature­
distribution and heat loss of a circular fin on-a tube when heat is 
received through its root where temperature may be specified as a 
function of azimuthal angle and is. lost to the surrounding medium from 
its exposed surfaces. In order to set up the differential equation of 
heat flow and to obtain a satisf�ctory solution, it will be necessary 
to make some assumptions and simplifications as follows: 
1. The heat flow and temperature distribution through the 
fin are independent of time, i.e. , steady state prevails. 
2. The material of which the fin is composed is homogeneous 
and isotropic. 
3. There are no heat sources in the fin. 
4. All physical. properties of the fin and convective medium 
remain constant. 
5. The convective medium temperature and radiant receiver 
temperature are single predictable quantities, not: 
necessarily equal. 
- . .  
6. The external surface resistance is so high compared to the 
internal resistance that the temperature gradient across 
the fin thickness may be neglected. 
7. The heat transfer through the outermost edge of the fin 
at r0 is negligible com,ared to that emitted by radiation 
and convection at the other exposed sides. 
8. A plane of symmetry is assumed to exist as shown in Figure 
1 at the bounds (t, = 0 and (/> = 'Tr . 
Gardner (6) showed that the errors involved in assumptions 6 
and 7 are very small for most practical forms of �xtended surface. 
¢ = 1T 
Thickness = f 
Figure 1 Circular fin in-r, ¢> coordinate system. 
7 
8 
. B � _The Solution 
There are three modes of heat transfer which are gbvern�� by 
a. Fourier's conduction law 
b. Newton's cooling law 
fc= n A (T- �) 
c. Stefan-Boltzman law 
(1.) 
(2) 
(3) 
where the radiation shape factor has been assumed as unity. 
The differential �quation of heat flow may be set up by making 
a heat balance on the infinitesimal polar element of the fin as shown 
in Figure 1. This yields 
Using the three laws stated by Eqs (1), (2), and (3), Eq (4) 
will yield 
To non-dimensionalize, let 
8- _r_ - Ts 
Substituting these into Eq (5), we get a dimensionless partial 
( 6) 
• I •, � 
differential equation 
. (7) 
The variable film coefficient may be written in terms of the 
Nussel t number (1, 7] such that 
Ko. t/u ( 0 - ea..\" 
D J - Go. I 
where for forced convection 
m 
N(J. =4( Re) n::: 0. 
and for free convection 
n=m 
Re VD 'V 
(8) 
(9) 
(10) 
Note that both Nu and Gr in Eq (10) are defined in terms of fixed tem­
peratures T 5 and Ta only, whereas �he coefficient h in Eq (8) may be a 
function of the variable temperature T in the case of free convection. 
Substituting for the film coefficient from Eq (8) into Eq (7f 
and letting 
B= 
and 
C= 
2 ri: J.. �� ti" 
�-S- -o(J-eQ,)" 
I. 3 �� ["f Ts 
k'f 0 
(ll) 
.. 
(12) 
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·rn the case of specifying a fixed film coef-ficient h, · this h may be 
substituted for Nu Ko. in Eq (ll) with n = O • . · 
The boundary conditions of Eq (13) will be determined according 
to the assumptions in the statement of the. problem. 
a. At the base of the fin 
B< F= I, rp) = ;fC<P) 
b. At the tip of the fin 
0� ( r = fo , ¢) = 0 �r 
(15) 
c. From the assumption of the condition of symmetry, there can 
be no heat flow through the plane of symmetry; hence 
( 1_6) 
Since all temperatures, even Ta and TR, are absolute values, we 
would expect Ta and TR not to be_ very.different from Ts. Thus we make 
the substitution 
6=/-t � (17) 
where we assumelel<< I for most practical cases. We see that a linear 
approximation will yield 
and 
.. 
4 _ )4 - I 
-2 6 = ( I + & = I -t 4 e T O e -t - -- - (18) 
. . ] 1-tri l+W'\ ( -
ce-eo-) = ci-e�)-t-9 
11 
I+" . . n e CJ-t>i) � · ,t,·1-t :(1-0°') -t(l""'r\)(1-e�)_ + 2.! (t-6�) 6t--7-. 
,.,.., " -P(l-00.) -t (f-tn)(r-6�J 8 . (19) 
Substituting Eqs (17), (18), and (19) into ·Eq (13), we get 
where we have set 
and 
" ,, 'I.= B C I+ n) ( I - e�) + C 
M= 
Letting 
-t - M a = e 1-
equation (20) becomes 
a�§t �e• I se• -• --=-r + -,�- + .,_&. /h'I. - ,, a =o c>r ror I • T 
(20) 
(21) 
(22). 
(23) 
Using the method of separation of variables, we assume a product 
solution 
(25) 
which may reduce Eq ( 2.1.) to 
,·•: 
12 
(26) 
where either side of the equation, being indep�ndent, allows us · to 
2 
assign the constant kn. 
and 
Eq (26) may give the two ordinary differential equations 
JJ.- --2 a,-r, - JR i � - i , o 
r -� + r -- -( K� + p r J " = o (Jy- 1 "r (27) 
.-
J 4> -,. v.2 lb = O (28) 
J � "" ..,., 
Eq (27) is a modified Bessel equation. The general solutions for Eqs 
(27) and (28) are 
(29) 
and 
(30) 
Substituting Eqs (29) and (30) into Eq (25) and using the de­
finitive Eqs (17) and (23), the general solution becomes 
where An, Bn, Cn,· and kn are arbitrary constants which have absorbed 
Applying the boundary conditions of Eq (16) to Eq (31) 
13 
we set 
Bn = O (33) 
and 
where we can only conclude that 
hence 
k = n n (n = O, 1, 2, 3, . . . . . . •  ) 
Substituting Eqs (33) and (35) into Eq (31), we get 
&= I- M..,. iA., eosh cj) (IYl cpr) ;- c� k�Cpf� 
(35) 
(36) 
Applying the boundary conditions of Eqs (14) and (15) to Eq (36) 
-- "' 
acr = ,, 4>) = f (lj)) = 1- fVI t �Anc.0�l'lf [Iw.CP)-tC .. K11Crj ( 37) . 
and 4 
: � ( t= = fo , cP) = O :: ·�� f A� Co� l'I 4>[[ I""frh) t Int-.' rr.>J 
- C 11l K'I-� p"r;.)t kn-t �ff o� ( 38) 
2 0 4 3 8 2 
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Simultaneous solution of these will yield 
and 
c� == J..,_,{rr«») t r�Jtl(pro) 
K"' .• (rn)+ K>t ,<pr.) 
When n = O, we get 
Ao = 
and 
Co = 
K,< Pfo)(tS.
,r
{tc�H �"1)44>] 
K, tpf.)Io<r) -t I,(pro) ko(f) 
1,<PFo) 
Ka (p"n) 
14 
. (39) 
(40) 
(41) 
(42) 
Substituting Eqs (39), (40),  (41), and (42) into Eq (36) , we 
find the complete solution for 8 as 
e -::: I - M -t .J.. ( f'h@- I 1' Ml cf �J [ K,<f'r.�lcrH t I, (er.) Kolpr')l ,r • J<,Cpr.>r.<p>tI,<pii) K,Cr) j 
where we have defined .. 
(44) 
Eqs (�3) and (44) describe the temperature distribution in the 
15 
thin circular fin where the parameters p and M are given by Eqs (21) 
and (22). 
The total heat loss from the fin may be found by applying 
Fourier's conduction law at the fin root. We define a dimensionless 
heat loss parameter by 
--'--=-J_S
'II 
�� (f:1,<i,)d4> 
Zlf kf $ Ts ,r o - r · . . 
(45) 
Taking the partial dervative of Eq (43) with respect tor, eval-
uating at r = 1, and integrating with resp�ct to ♦, we find from Eq 
(45) the dimensionless heat loss parameter 
Eqs (43) and (d6) express the temperature distribution and the 
amount of heat emitted by a given circular fin with a specified tem­
perature distribution on the inner radius. 
Illustrating the application of the solution, two special cases 
are considered: 
Case I. The fin is exposed to still air or air forcibly con­
vected in one direction in the plane of the fin about the tube resulting 
in a non-uniform temperature distrtbution at the fin root. This non­
uniform fin temperature dis_tribution may ·well be approximated by 
(47) 
The parameter l will be determined approximately by the actual 
16 
te�perature distribution around the tube. Plots ·in Figure 2 show the 
characteristic behavior of ) 
!=o 
r.o��:::::=:::::::::::'.'.�========-�--:-:----1 ·f= Ys 
T.s f: 3/s 
h� 
0 1f 
Figure 2 The dimensionless temperature distribution 
at r· = 1 for different ) . 
Substituting Eq (47) into Eqs (43) and (46) and integrating with 
respect to q> , we get 
(48) 
for temperature distribution and 
(49) 
for total fin heat loss. 
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Case II. · A simple alternative case is to �ssume a unfform. fin 
root temperature at one constant value Ts such that 
f Cf) = I (5o) 
which is equivalent to setting f = 0 in Eq (47). Therefore, substi­
tuting for ! = 0 into Eqs ( 48) and ( 49), we may find 
for temperature distribution and 
f = p M I,CPfri> l<,Cf?- l{,(pfo) I,Cp) 11 ( p?.) Kb ,p)-r K, (pr.) Jo(f) 
for total fin heat loss. 
c. Sample Problem 
(51) 
· (52) 
For the sake of a sample problem, we shall choose the ·simple 
case of an annular fin of constant root temperature in free convection. 
Consider the following information given: 
·-
8 
G'9 = . 1714(10-) BTU 
£: = .885 
T = 1000° R s 
hr-ft2-R4 
Pr = . 82 
kf = 21 _B_r_u  
hr-ft-F 
ri = 1 ft 
12 
D = . 416 ft 
.·•: 
80. = 0e. ='. 7 
BTU 
ka = . 09 ---hr-ft- F 
ro• -.-· = 2. -5 
ri 
1 o =-- ft 
250 
18 
We shall suppose that we can consider our circular fin to ap- · 
proximate a vertical flat plate in free convection. The empirical film 
coefficient correlation given by McAdams (1) for vertical flat plate in 
laminar free convection is 
( 53) 
We interpret the characteristic dimension D to be the outer diameter of 
our circular fin. Comparing Eq (53) to Eq (10), we find 
G = . 59 n = rn = I/ 4 
Substituting into Eq (IO) 
1/4 
Nu = . 59(Gr Pr) = 41. 4 
From Eqs (11) and (12), we find 
and 
B _ 2 n� K� Nu. = z 
- � 5 D(I- e�)'f't 
C. = =I 
.. 
Substituting B and C lnto Eqs (21) and (22), we find 
P= J % {B(l-eo.f.., e-J =- 1. "9 
S/♦ c 4 M = B( I - eQ,) -+ 4 (1- &e) - pi. . 
19 
At r = 1 the fin temperature is Ts such that - 8 ·= 1, and at the 
tip�= 2.5 with temperatur� found from Eq (51) · 
=. so 
TCr= r0 ) = I 000 )(.go-:- 800 °R 
From Eq (52), the dimensionless heat loss is 
D. Discussion 
BTW 
nr 
The foregoing analysis can be applied to nearly any circular 
fin on a tube. It takes account of both radiation ·and convection, .. 
forced or free, by applying the appropriate .empirical relationship for 
convection coefficient h. 
One mathematical restriction placed upon the analysis was the 
· linearization of-the second order partial differential equation. In 
20 
·the case of free convection and radiation from a·circulai fin of con­
stant thickness with uniform root temperature, . the analysis gave only 
an approximate solution. The extent of the linearization errors in 
the temperature distribution and heat loss was determined by comparison 
of the approximate solution to a numerical com�uterized solution * 
(termed exact) of the original non-linear differential equation (13). 
In all cases of comparison, free convection was chosen with n = 1/4 •. 
Fin temperature distributions were then calculated for two values of 
the radius ratio, three values of 64 = 6e , and three values of the 
convection parameter B in order to demonstrate the effect of linear­
izing the convection term. Temperature distributions were also calcu­
lated for two values of radiation parameter C in order to demonstrate 
the effect of linearizing the radiation term. The approximate and 
exact c6mparisons are shown in Figures 3 through 9. A comparison of 
fin heat losses is shown in Table I. It is interesting to note that 
for relatively large B, C, and r0 , the dimensionless temperature at 
the fin tip for the approximate solution asymptotically approach�s 
(1 - M) rather than 84 = 8e This fact points out that the linear-
ization tends to give a greater p and- smaller M. 
For fixed convection coefficient, we may replace&_&. in Eq (11) 
D 
by hand let n = O. By such specification the degree of error ap-
pearing in temperature distributiorl arid heat .loss will be reduced. For 
fixed.convection coefficient with zero radiation, C vanishes and t�e 
* The computer program is listed in the Appendix. 
21 
8o.= 0e B C R= ri/r0 q( exact) q( approx.) 
.5 1 . 325 . 318 
• 5 2 1 .6 .651 . 625 
10 1 1. 63 1. 47 
.5 1 . 215 . 212 
. 7  2 1 . 6  .389 . 376 
10 1 . 92 . 8&7 
. 5 1 .0836 . 082 
. 9  2 1 . ,6 . 126 . 123 
10 1 .273 . 25 
. 5  1 .54 . 46 
. 5  2 1 • ,1, . 89 . 75 
10 l 1. 852. 1.49 
.5 1 .363 .322 
.7 2 1 .4 .535 . 466 
10 1 1.0478 . 86 
.5 1 . 138 .12.-1. 
. 9  2 1 .4 . 18 . 16 
10 __ 1 . 3124 .262 
2 .1 .461 . 423 
.7 .4 
2 1 . 535 . 466 .. 
Table I Dimensionless fin heat losses for n=l/4. 
22 
solution will be exact. On the other hand, · at �igh a�titudes, a space 
vehicle dissipates heat only by radiation since there is no atmosphere 
to provide convection so that B vanishes. · 
Another restriction placed is that the radiant receiver temper­
ature must be a single predictable quantity. It implies that a� infi� 
nite enclosure exists. 
In our analysis we applied an adiabatic boundary condition at 
the fin tip. The reason for this was because of the assumption that 
-the thickness of the fin was so small that the ra�io of the area of 
the fin tip to other sides was negligible. In addition, the tempera­
ture gradient at the fin tip is quite small compared to that at the 
fin root. These observations allow us to say that the fin tip heat 
loss is negligible. 
In the preceding numerical example, an empirical film coeffi­
cient for the vertical flat plate in laminar free convection was_ used. 
It was assumed that a round disk with a tube through its middle could 
be approximated by a vertical flat plate with height equal to the out­
side diameter of the disk. It is felt that this assumption is within 
the limits of engineering accur�cy and serves to demonstrate the fore­
going analysis. 
. . 
a 
·a= .5 
. 9  
. 8  
B = 10 
.7 
.6 
R = r•/r l 0 
.5 APPROXIMATE ---
EXACT 
. 
.4� ____ ..._ _________ ......._ ___________ --1 
. 2  .4 . 6  r-n 
.8 
Yo - tt 
Figure 3 Temp�rature'distribution for variable B 
for ri/r0=.6, 6a.=9.c=·5, C=l, n=l/4. 
1.0 
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.9 
e 
.8 
.7 
.6 
0 
B = .5 
......_
'----
B=!O 
R = r./r0 l 
APPROXIMATE -­
EXACT 
. 2  .4 • 6 r- Yi · ro- n 
.8 
Figure 4 Temperature distribution for variable B 
for ri/r0=. 6, 8� = 8e =.7, C=l, n=l/4. 
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.9 
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.EXACT 
.2 .4 r - Ii· • 6 ro- n 
.8 
B = .5 
B = 2 
B = 10 
1.0 
�igure 5 Temperature dist�ibution for variable B 
for ri/r0 =.6, 80. = 8e =. 9, C=l, n=l/4. 
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.2 .4 r- t _ .6 - .0 1 .0 
1"o - n 
Figure 6 Temperature distribution for variable B 
for ri/r0 =. Lt, 8a. = 9e =.5, C=l, n=l/4. 
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1. 0 �---------..;_ _______________ _ 
.9 
.8 
.7 
. 6  
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B = . 5  
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R = ri/r0 
APPROXIMATE __ 
EXACT 
.2 . 4  r - Ii . ro - � 
. 6  
B = 10 
• 8 
Figure 7 Temperature distribution for variable B 
for ri/ro= - 4, e� = Se =.7, C=l, n=l/LI .  
1 . 0 
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e 
1. 0 �--------;..._ ____________ _ 
.9 
R = r•/r 
1 0 
APPROXIMATE 
EXACT 
B = .5 
--
. 8 �----:-'"------'------'-----...L.----J 
. o . 2  
.
4 r _ G . 6  .8 1 .0 
. ro - r.: 
Figure 8 Temperature distribution for variable B 
for ri/r0=.t1, 8ca. = 8e =.9, · C=l, n=l/A. 
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.9 
.8 
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EXACT 
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Figure 9 Temperature distTibution for variable C 
for ri/r0
=.4, 6Q. = 9e =. 7, B=2, n=l/4. 
1 .0 
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III. ANALYSIS OF HEAT TRANSFER FROM SQUARE FINS . 
OF CONSTANT THICKNESS 
A .  Statement of the Problem 
A second problem considered is to determine the heat transfer 
from a square fin of constant thickness on a tube. 
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The same assumptions applie� to the circular fin on a ·tube will 
be adopted to the square fin on a tube except assumption 8. In .addi­
tion, for simplicity, we shall.restrict ourselves to consideration of 
convection with a uniform film coefficient and zero radiation. It will 
also be assumed that the fin root has a uniform temperature Ts . . Be­
cause of this, the square fin has 45° symmetry such that we may co·n­
sider only a one-eighth section of _the fin bounded by the planes 
r = ri, <P =  O, ¢ =  1T/4 , and x = b as shown _ in Figure _ lO. 
B .  The Solution 
Performing a heat balance as we did for the circular fin, we may 
again derive the governing second order partial differential equation · 
as follows 
(54 )  
Because of the restriction of uniform • film coefficient and zero radia­
tion, we know that Eq (54) is linear. 
To non-dimensionalize , let 
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y 
Thickness = O 
Figure 10 Square fin in r, ♦ coordinate system . 
. .  
a =....I_ 
Ts 
Substituting these into Eq (54), we get 
The associated boundary conditions will be : 
a. At the planes . of symmetry 
b. At the fin root 
e (r= 1 ,  cp )  = ,  
c. At the fin tip, assuming negligible heat loss 
� � ( x = b/n , </J ) = O � x  
For simplicity, let 8 =8 - 84 and Eq (56) becomes 
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(55) 
( 56) 
( 57 )  
( 58 )  
( 59 )  
( 60) 
Again, using the method of separation of variables, we assume a product 
solution 
e = R c.r) <P <ct>) . ( 61 ) 
which may reduce Eq (60) to 
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( 62 ) 
where either side of the eq�ation, b�ing independent, allows us to 
2 
assign the constant k0 • Eq (62) may yield the two ordinary differen-
tial equations 
and 
- "Ii - JR 1 1 - 1 )  R = o 
r ;. fl + r d F - < Kta 1- P r 
Eq (63) is a modified Bessel equation and its solution is 
whereas the general solution of Eq (64) is 
(63) 
. ( 65)  
( 66 ) 
Substituting Eqs (65 ) and (66) into Eq (6l) _ and using the defi­
nitive equation of 8 :  fJ - 64\ , the general solution for dimensionless 
temperature distribution becomes 
where An, B0 , Cn, and kn are arbitrary constants which have absorbed 
c� .  
Applying the adiabatic conditions at q> = 0 and if/4 . in Eq (67) 
we set 
Bn = o · 
and 
from which we can only conclude that 
hence 
. ( n =  0 , I , z , - - - - - - - .. ) 
. 3.d 
(69) 
(71) 
Substituting Bn and kn from Eqs (69) and (71) into Eq (67), we 
have 
(72) 
Using the boundary condition at r = 1 in Eq (72), 
ec r= , �"'> = 1 = e� t i A .. c� 4 h  <P[1-t .. cr) + C" �H� ( 73 J  .. 
we find, by the method of Fourier coefficients, that 
(7A )  
and 
c., = - Iin < p) 
�h ( p) 
In order to sat i s fy the r ema i n ing a d i aba t i c  condit ion a l ong 
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(75 ) 
x = b , we f i r st have to trans form the bou ndary con.d it ion in the x ,  y 
sy stem t o  the  r, cp syst em t hrough the fact that x · = r c o s  tp and y = r 
s in tp . The part i a l  derivat ives  o f  the compo s it e  fu n.ct  ion  f)( f, ct>) are 
and 
Then, by solving one of these for ;; and substituting it into the 
other , we have for 0� 
t? X  
We can de�ermine � and ;; from Eq ( 72) 
and 
> 6 � bA ( L.,.f pF) -t I4n$,1>i') 
d 'f  =  r r, CDS4n <:p 2 
. 
. (78) 
( 79 ) 
. ( 80 ) 
App ly ing t he adiabat i c  c ondit ion  a l ong x � b/r i , we have from 
Eq ( 78) 
Substituting the expressions for -- �  and � from Eqs (79) and - r  .;,q, 
(BO) into Eq (81), and letting 
(82 )  
where we have defined 
and 
J (4>, ri) :::. COS4n 4> ( �11_ 1(fco6
1
4>) t �iltt' P  eof'4>) 
_ 8 n / n 4> �; 1'14 h cp -41,f pcoi 1q;>)] ( 9,1 J 
5 (<P, tt) = co�411 <P [ K.t,,._ f  p eo,·'it,) + K4111-,< fcoi"1<1>) 
- il'l ,'1 cl> j 1 11 -t n 'P  �11 ( p co!t'cpj ( 85 ) 
Up to this point, the constants C0 , A0 , Ai, . .... . , An, the 
' . . 
total number of which are n + 2, have not been determined explicitly . 
We assume that the bound at x = b is composed of n points that satisfy 
the adiabatic condition. To each point (J!.eoi'tR , A->. )  of the bound on . r;• " 'r. 
x = b, Eq (83) yields a function as 
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where i = O, I,  2, . . . . . . . •. , n. - Thus, we shall have n +  1 equations 
as follows 
A0�,(j?CDS14\ > -Co k1 ( Pc�i;'4>,� t �111�('11, ri)-t�5c�, ,h)J = 0 
. . 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  -· 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
. . . . . . . . . . . . . . . - . . . . . . . . . . . . . .  � . . . . . .  . 
Solving Eqs (74) and (87) simu�taneously, we are supposed to be 
able to find the constants. Employing the method of determinants, we 
find 
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I 1 ( fco �•4>•) · \ ( � o, l) t C, jl 4>., 1) l, C cl>•' 2) + C�( t,� ·· · · · · · 1 ( <P,,11) +C..S( 4V 
l,Cfc.o�•<P,) ,l�., 1) +C, f(cP,, ,) - - - - . .  - - � - . - - - - • - - � .  - . . 
- - - - • - - - • - - • - • - - - - - • - • - • 4> • •  - - - - - - - • - - - � -. . 
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - . - - . .  · · · · · - - - - - - -
1,<r(.O!, "11> .. ) 1 C "'·' ,)-t C .�( <t>.,, 1) , (<R,.•) t ( l }( 4>.,2) - - - - - -j( 'P.,,n)tC11)(4l.,11 
�= -------------------___...88 ) 
K,<fcoS'<P.) _,c<P., ,) + q(4>., ,) j (4V)-t-4j(t,z.) - - · · · · J (ct,11)+C11�(t:1) 
and 
- - - - - - . - - · • - - - - - - - - - - - . - - -
' - - - ·- - - - - - - - - - - - - - - - - . .; - - - - ·- - - - - - - - - - - - ... � 
-
- - -
- -
-
- - - - - - - - - - - - - - - - - - - - - - - - - - - · . . . .. 
k 1(fGO$�) 1(1}�,•> + qc1,.,,) 1cc;.,1.)tC.,JC4>.,i) - - - - -1<4i.-itC1114>�• 11) 
(89)  
- -· ·- . - . . . . . - . - . . . - - - - - . 
ict, , 1J-tC,j(4'0, 1) f0 1(♦.,l)tC)�.,'3) · - - - · · · · 'f(4'.,11)tl�) (CP.,11) 
\CCP,, 1) 1 c, jct,o f 1 · - - - - - - - - - · - - - . - ·  · - - - · 
- - - - - - - - - - - - - - - - - - - - - - - - -
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
1t<<Po ,O-tC, fC4>Q,,) · · · - · - · - · - · · i(.</>0, n-�iC,..,,C4>o111-� !o  
t�• , •HC,j(f,,9 - - - - · - - · - · - · · - · · · · � · · - - · · J1 
A,.= t - . - - . - . . . . . . , • . . . . . . . . . . . . . . . . - . . l l 
where we have defined 
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(90) 
' ( � •• 1) ;-C.,j(4'o•O 1 ( 4>o,l) -r C.1jC'ff , z.) . . . . . . .  J c�.,li + C,,  j{4>,ill 
1 ( �, , I) + l1 1( IP,, I) - · · · · · · · · . � · · · · · · · · · • · · · • · · ' 
6 = - - . - - - - . . - . - - . .  - - . - . - . . - . . - . . . - . - . - . - . ( 91 ) 
• • • • • • • • • e • • • • • • • • • - • • • • • • • • • • • · •  • • • •  
and 
and Cn is given by Eq (75) . 
The complete solution for temperature distribution may be 
written 
8 = So.. -t A o  ( Io t p r  } � Co l<o < pF).} 
40 
(92) 
f i A \'\ C-0�4 � 4> (I41'1, p'f )  -t c., k4.,.CfF� (93 ) l'\::1 :I 
where the constants have been determined by· Eqs (75) , ( BB), (89), and 
(90) . 
The total fin heat loss can be found by applying the Fourier 
conduction law at the fin root. As in the circular fin case, we define 
a dimensionless heat loss parameter by 
( 94) · . .  
Taking the partial derivative of Eq (93) with respect to r, evaluating 
at r = 1,  and integrating with respect to q:, , we find from Eq (94) 
f : r A O  [ Co f<, ( p) - I I ( p)J 
where Ao and C0 have been determined by Eqs (BB) and ( 89) • .. 
(95)  
The temperature distribution solution as indicated in Eq (93) 
is exact assuming all terms- of the series are evaluated. The in finite 
series in this particular problem is expected to converge very rapidly. 
It would allow us to reach a very satis factory solution with just the 
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first few terms . We have already stated that the bound at x = b is 
considered to be tomposed· of n number of  points at angles - of  I that 
satisfy the adiabatic condition . Selecting a par�icular number of  
points on x = b limits the number of terms in the series solution to 
the same number � In order to il lustrate this , we �hal l select two 
points on x = b for which the adiabatic condition applies and generate 
a second order solution . 
From Eqs ( 75) , ( 88) ,  ( 89) ; and ( 90) , we find 
1., ( r·eoi1 <Po) 
I, tp�'�,) Co = 
k, <reos'<Po) 
k. lp eos'4>,> 
\ ( 't>oa l) "'."" 
I4(f) 
K4 (f) j(<t>o
,I 
I4!p) 
� ( � 9 , ( cp, , I ) - I( 4C p) ' I  . 
-L.,(p) � ( <Pi 1) 1 ( cp., r) - )4 Cp) '' 
l <4>, ,•) -
l4-(p) � ( � I 1) . 
'4 (p) ' 
c, = - L<r) 
� ( p) 
I - 60. ·· 
.. 
A AO . P r I I ( p co S
I 
4>o) � Co J< I ( f C05-, ct>.)] _ ri1 = 
'1 ( cf>o, 1 ) - t(p) ,;-( 'Po ,  1) 
} 4 C p) , 
(9 6) 
(97) 
( 98) 
( 99 )  
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. T_he d imen s i onl e s s  temperature d i str ibut ion for the. fin i s  
and t h e  t o t a l  heat l o s s  i s  
(101) 
Simil arly , for a third order so lut ion , we a s sume (/;0 , ¢, , and · 
'Pa are the three appropr iate  va lues  o f  ¢ . where the adiabat i c  bound-
ary condit ion is appl i ed on x = b .  From Eqs ( 75) , ( 88) , ( 89) , and 
( 90) , we find 
I, (f coJ'<i> c>) 
J (peoi 1't>, ) 
I 
· 1, c pc.�s•�a) 
Co =· 
K, <peo�'4>.) 
K, <r e.of'f. > 
K, cpCAs't) 
. C, = - �Cp) 
K4 c p> 
ACP) 
1<�o•I)- K+ Cf') ,ctlg,,) . 
. _t(p.) � 1c <t>,,o- '4q,> (t, ,v 
.I°Q.(p) 1 (4>1, ,) - �(p) 3c4>,, � 
l, 4>0, 1) - :C"� � < lf..,1) 
4-(p. 
lg(f) . 'f <l'o,1-) -� �( <f'o ,z) 
I,<� � J(t,z)- � {f, /2.) . 
1<.,{p) 
Ia(�
!
(� � . 1c4>�,1) - KilfS i 1 1 
.Ii (p) 1J (4'0 ,1)- /<e(p)j(f,,z) 
·· 1(4!, 1) - ;;: �(4/, !) . 1 (4>1 , z) - �: { (f,,1) 
.l4(f) � 0 i '<l>z, 1) - 4 �( , , t 
(p) •• 
�c� z.>- :r,cp> jC4t,2) v . ka(p) 
C _ _  I1 (p) 
i - Ka,p) 
( 102 ) 
(103) 
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Ao = 
I - eo.. ( 10d ) 
I, <.p> +C.o Ko <p) 
,,q>� I I )  1' C ,  J (q0 1 �) 
1 c cf>, , o t c , � ( ft, o 
"l ('P",i) +4�(fo 1'l..) 
1(4>1 , 2 ) t C1f'f.,2) 
1C 4\,1) t �  !(CPi , O  _ J, tf t4;t t. ) - CoK,(l5to& '<P.) 
( 105) 
A
1
= Ao --------------- < 106 ) 
1{( 4>o , 1 )+ l 1  ' ( <ji, , !)  1 { 4'o, 1 ) T C i � ( lf>o, Y  
\ l41• •) + ' , � ( cli, . i) . \( <P1 1 1:) -t  C2 j ( cl>1 ,i) 
The temperature distribution for the · fin is 
-+ A , co�4 c!> (.l+(fr) -tC 1 l�lpr'� 
+ A1. Co� 3¢ ( Is CpF) T C2 K-rCrf-� ( 1 07 ) 
and the total loss _is again 
( 108) 
C. Sample Problem 
tion. 
For a sample problem, we sha�l work out the second order solu­
'J'0 = 20° and (/)1 = 41 ° are to be _ chosen for the adiabatic con-
dition on x = b. Consider the following information given: 
h = 9 BT U hr -ft1.-°F  
kf = 30 hr- ft- o'F -
T
a
= 5000 R 
From these we can find 
p = 1 
b 
-p = p - = 2 r ·  - l. 
and therefore 
p cos' <t>o = 2 . 1 3 
From Eq (84) 
b =  rt 
b/ri = 2 
8ca, = • 7 
-I .. p ees cp1 = 2. 65 
1 (¢.. = 20·, I) : C OS"f t/Jo [Lr 2.J!>) + Is- (2,/.3;} 
and 
"f ( <1>, :41 ·, ,) ::: - • 4 2  
8$,i, 'Po " . LL ,1,,.  I · 1 i  ·- _ 2. �,,, ,,-. 4 (Z, / 3)J 
From Eq . (85) 
_j (� :ZO� t) = CoS#Jo [k3 Cz , 1 3) -t K� (2 , 1 3 )  
and . 
} ( 'f1 :4 / o, 1) ;: - /. 7 8 
- ��,h ¢,;�,.n4 cP. k+cz.13) 1 z . ') 
From Eq (97) 
c ,  == - It <•) = - ,. z x ,  o·S K..,. c 1) 
·-
Substituting these into Eqs (96), (98), and· (99), we find 
Co = 
1a < 2• J  3 )  
l,  ( z .  '1S) 
I<, (2. J 3) 
K, c 2 - E>s) 
� ( 4>o , I) � C., � ( (f)o d) 
� ( <p. ,  , )  .,. c ,  5 l� 1 1) 
i ( fo , 1) -t C, ; (fo i l) 
� <�. 1 1) � c, 1 <4>, ,!) 
= 2q .s-
45 
A t . - e� o = --�;...._-�=----
l., ( 1 ) -t 2 'f. 5" Ko C l) 
: . 0 3 2 7 
and 
The dimensionless temperature distribution of the square fin will be 
from Eq (100) 
e = . 7 -t- • o 3 2 7 ( l0 c f) t 21  ·s l<o ( r )] 
t • 1 1 5  Co� 4 (J)  [ I4 ( r ) - b1 Z X IO-S K+ c r� 
The temperature at the corner (r = 2 co;I 45o, cp = 45°) is found to be 
8 = · 1  1'" .03 2 1 ( L c z . 84)  -t � 'J , S l<o (2 , 84� 
+ • 1 1 5 COH cj> [ ,I4 (2 , 84) - �. z. 5 l( I O
rk'4 (z , 8'� 
- • 8 3 6" 
0 T : · 8 3 S Ts : �'I 7 R 
The total fin heat loss will be from Eq (101) 
D .  Discussion 
BT U 
hr  
A series solution was found for the temperature distribution 
and heat loss from a square fin of constant thickness with uniform 
root temperature. 
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It is clear that the second or third order solution for temper­
ature distribution means that we are using only two or three terms re­
spectively of the exact series solution . . If we consider more points 
on x = b, then we are not only approaching the true adiabatic condi­
tion along x = b, but also retaining a larger number of terms in the 
series solution. It turns out that the zero order solution of Eq (93) 
provides the temperature distribution .for an equivalent circular fin 
on a tube with uniform root temperature, the outer radius of which is 
equal to the distance from tube axis to the selected point on x = b. 
The higher order terms in- Eq (93) serve as corrections to the circular 
fin to construct the true geometry of the square fin. 
It can be shown that the third order solution is an excellent 
approximation to the full series solution by comparing a second order 
solution with the corresponding third order solution for a typical 
square fin as represented in the sample problem. The temperature 
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distributions for each of these second and third order soluttons are 
plotted in Figure 11 . As can be seen, the temperatures differ only 
slightly. The corresponding heat losses are almost identical· in value . 
The magnitude is 199 BTU/hr . 
One question here is how to select . the values �f ; in order to 
find a good solution. About the best we can do is to see how closely 
the solution satisfies the adiabatic condition all along the boundary 
at x = b .  As a means of doing this, we compare the temperature gradi-
ents at points on x = b with those at corresponding angles 4> on 
r = ri where the gradients are highest. The best choice of 4> 's will  
give an evenly distributed percentage of error as shown in Figure 12. 
One may pose the question, "what is - the effect ·of changing the 
fin size upon the selection of r> 's? "  . Figure 13 shows that, fo� two · 
different fin sizes, the best selection of cp 's are very nearly the 
same. This is indicated by the fact that the most even error distri­
bution for the two cases exhibited·the crossings of the abscissa at 
very nearly the same angle q, .  Based on the sample work, it is sug-
gested that 1»0 = 20°, 
while 
tion. 
't'o = i s0 , ¢, = 300 , 
¢,= dlO be used for the second order solution 
¢2 = 43° be used for the third order solu-
It is understood that 45° symmetry of a square fin would not 
ordinarily be met with great accuracy in practice; neither would the 
uniform root temperature. However, it is .felt that the solution for 
this particular case should approximate the result that would be found 
in practice with a reasonable degree of accuracy. 
3rd order solut ion with q = 1 90 , 30° , 
2nd order so lut ion with f = 200 , 4 1 0  
• f.!34 
• t..354 
. Bttf 8 I 
• 8478 
/. 0 00 
,. 0 ()Q 
, fZ.� • a 1,0 . e, ,o - 8 �2 
1 •fa � 1 • lfJS7 1 · f6/3 I , asa 
J. o /. 2f  l•S l•IS , ,O  
Figure 1 1  Temperature di stribut ion in  s quare fin · 
with p = 1 ,  8Q. = · . 7 ,  and b/ri = 2 .  
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12  Percent error of adiabatic condition 
= b in sec·ond and third order solution. 
Figure 1 3  Percent error of adiabatic  condition 
at x=b in second order solution for different b/ri 
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·one more point of discussion should take up- the fact that radia­
tion and temperature dependent film coefficient were omitted from con­
sideratio_n in the present problem but were accounted for in the 
circular fin problem. It should be realized, however, that these fac­
tors can be accounted for in the present square fin pioblem if We 
redefine certain of the parameters. In Eq (55) the parameter p should 
be redefined as in Eq - ( 21) and &4 should be replaced by (1 - ·M) where 
M is given by Eq (22 ) . These changes would then yield a linearized 
. 
governing differential equation for· the square fin as given by Eq (2�). 
Substituting these new definitions irito �qs (93) and - (95) would yield 
an approximate solution for radiation and convection from the square 
fin with the film coefficient as a variable function of local fin tem­
perature. The resulting solution would be in erroi to about the same 
degree as the comparable circular fin solution. 
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IV . CONCLUSIONS AND RECOMMENDATIONS 
Chapters II and III of the thesis presented the solutions for 
the temperature distribution and heat loss of a circular fin and a 
square fin respectively. In the circular fin case, the analysis ac­
counted for both radiation and variable film coefficient conve.ction 
from the surface of the- fin. It was shown that_ the resulting governing 
equation was non-linear. By employing the binominal th�ory, lineariza­
tion was effected and an approximate solution was derived. The result, 
as demonstrated by examples, exhibited acceptable accuracy for most 
practical examples. 
In deriving a solution for the square fin, only a fixed film 
coefficient was accounted for in order to maintain linearized governing 
differential equation. The resulting temperature distribution solution 
was an infinite series which proved to be rapidly convergent , yielding 
a solution very nearly exact when taken to third order. Upon comparing 
certain parameters in the square fin problem to  the comparable ones in 
the circular fin problem, as mentioned in the discussion . section of 
chapter III, it was realized that radiation and variable film coeffi­
cient convection could also be accounted for in an approximate manner 
in the square fin problem. 
It is thus toncluded that the solutions provided in the . thesis 
are quite good and therefore should be of benefit to heat transfer de­
signers working in the field of finned-tube exchangers. It would be 
recommended that analy sis of the nature provided in this thesis be 
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given further consideration in attempting to provide soiutions for 
other fin configurations. One such example . might be the consideration 
of the whole square fin, rather than a one-eighth symmetry segment, in 
which case it might be possible to allow for a variabLe fin root tem­
perature as was done for the circular fin. It has been pointed out 
that a circular fin could be considered as only one special case of 
the square fi�. Similarly, one might attempt to find a solution for a -
rectangular fin where the square fin �ould be considered a special 
case of .it. 
• 
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APPENDIX 
The computer program used for the exact solution of  Eq ( 13) in 
the circular fin case utilized the Runge-Kutta method [s] . The program 
. 
a 
stated in Fortran l anguage with n = ¼ and ::. = 0 i s  l i sted b,e low: 
1 FORMAT (45H RUNGE KUTTA METHOD FOR HEAT TRANSFER PROBLEM) 
· 2 FORMAT (1 5H YUNSENG HUANG) 
3 FORMAT (7 Fl0.4) 
10 READ 3 , H ,  D ,  AL, B ,  C ,  E ,  F 
E=l. 
13 PUNCH 3 ,  H ,  D,  AL, B ,  C ,  E ,  F 
P=F*H 
Q=(-F/D+B*( (E-AL)**l .25)-tC*(E**Ll . -AL**L1. ) /A .· ) *H 
R=(F+Q/2.)*H 
G=D+H/2. 
O=E+P/2 . 
S=(-R/(G*H)tB*((O-AL) **l.25) tC*(0**4.-AL**4. )/4.)*H 
T=(F+S/2. )*H 
A=E+R/2. 
· _U=(-T/(G*H)-+B*( (A-AL; **l .25)+C*(A**4.-AL**4. )/4. ) *H 
V=(-F+T)*H 
AO=E+U-AL 
W=(-(F·tT)/(D+H)+B*(AO**l .25)+C*( (E U ) **4.-AL**4. )/L1. ) *H 
X=(P�2.*R+ 2.*T�V )/6. 
Y=(Q+2. *S+2. *U-+W)/6. 
E=E-+X 
F=F+Y 
20 D=D+H 
GO TO 13  
41 GO TO 1 0  
END 
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